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Abstract. We prove the modularity of minimally ramified ordinary residu- 
ally reducible p-adic Galois representations of an imaginary quadratic field F 
under certain assumptions. Wc first exhibit conditions under which the resid- 
ual representation is unique up to isomorphism. Then we prove the existence 
of deformations arising from cuspforms on GL,2(Ai?) via the Galois represen- 
tations constructed by Taylor et al. We establish a sufficient condition (in 
terms of the non-existence of certain field extensions which in many cases can 
be reduced to a condition on an L- value) for the universal deformation ring to 
be a discrete valuation ring and in that case we prove an R = T theorem. We 
also study reducible deformations and show that no minimal characteristic 
reducible deformation exists. 



1. Introduction 

Starting with the work of Wiles ( Wil95 , [TW95 ) there has been a lot of progress 
in recent years on modularity results for two-dimensional p-adic Galois represen- 
tations o f totall y real fields (see e.g. jBCDTOlj . |SW97j . |Fuj99| , |SW99j . jSWOlj . 
|Tay02| , }Kis07j ). The goal of this paper is to prove such a result for imaginary 
quadratic fields, a case that requires new techniques since the associated symmetric 
space has no complex structure. 

Let F 7^ Q(\/— 1), Q(v— 3) be an imaginary quadratic field of discriminant d,F- 
Under certain assumptions we prove an "R = T" theorem for residually reducible 
two-dimensional representations of the absolute Galois group of F. We pin down 
conditions (similar to SW97] , where an analogous problem is treated for represen- 
tations of Gal(Q/Q)) that determine our residual representation up to isomorphism 
and then study its minimal ordinary deformations. Modular deformations are con- 
structed using the congruences involving Eisenstein cohomology classes of |Ber09] 
and the result of Taylor on associating Galois representations to certain cuspidal au- 
tomorphic representations over imaginary quadratic fields (using the improvements 
of |BH07 ). The approach of SW97 to prove the isomorphism between universal 
deformation ring and Hecke algebra fails in our case because of the non-existence 
of an ordinary reducible characteristic deformation. This failure, however, allows 
under an additional assumption to show (using the method of |BC06j ) that the 
Eisenstein deformation ring is a discrete valuation ring. As in [Cal06 it is then 
easy to deduce an "R = T" theorem. 
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To give a more precise account, let c be the non-trivial automorphism of F, and 
let p > 3 be a prime split in the extension F/Q. Fix embeddings F Q <-} Q p ^ 
C. Let Fy, be the maximal extension of F unramified outside a finite set of places 
S. Suppose F is a finite field of characteristic p and that xo '■ Gal(Fs / F) —> F x 
is an anticyclotomic character ramified at the places dividing p. Suppose also that 
pa '■ Gal(i*x;/-F) — > GL2(F) is a continuous representation of the form 



Po = 



1 * 

Xo 



and having scalar centralizer. Under certain conditions on xo an d S we show that 
po is unique up to isomorphism (see Section [3]) and we fix a particular choice. This 
setup is similar to that of [SW97]. Note that, as explained in Remark 14.61 under 
our conditions po does not arise as the restriction of a representation of Gal(Q/Q). 

Following Mazur [Maz97] we study ordinary deformations of pq. Let O be a 
local complete Noetherian ring with residue field F. An O-deformation of po is a 
local complete Noetherian O-algebra A with residue field F and maximal ideal m-A 
together with an equivalence class of continuous representations p : Gal(Fs/F) — > 
GLi2(A) satisfying po — P mod tri^. An ordinary deformation (see, for example, 
the definition in [Wes05] ) is a deformation that satisfies 




for q | p, where xj |io = T^'e 1 **'" with k\'" > k^' , e is the p-adic cyclotomic 
character, and are some finite order characters. Here D q and 7 q denote the 
decomposition group and the inertia group of q | p, corresponding to F » Q p or 
the conjugate embedding, respectively. 

To exhibit modular deformations we apply the cohomological congruences of 
|Ber09j and the Galois representations constructed by Taylor et al. using a strength- 
ening of Taylor's result in [131107] . We also make use of a result of Urban )Urb05j 
who proves that pT,\D q is ordinary at q | p if 7r is ordinary at q. We show that these 
results imply that there is an O- algebra surjection 

(1.1) R^T, 

where R is the universal E-minimal deformation ring (cf. Definition 15.21) and T is 
a Hecke algebra acting on cuspidal automorphic forms of GL2(Ai?) of weight 2 and 
fixed level. 

As in |Cal06] we can deduce that the surjection (|l.ip is, in fact, an isomorphism 
if R is a discrete valuation ring (see Theorem 15. 8p . Using the method of BC06] we 
prove in Proposition 15.91 that the latter reduces to the non-existence of reducible 
S-minimal deformations to GL 2 (C /w 2 0) 0- We then show (Theorem I5.13[) that 
this last property can often be deduced from a condition on the L-value at 1 of 
a Hecke character of infinity type z/z which is related to Xo- Finally we combine 
these results in Theorem l5.17l to prove the modularity of certain residually reducible 
S-minimal Gal(Q/i ? )-representations. For an explicit numerical example where we 
can verify the conditions of Theorem 15.171 see Example 15.201 

To demonstrate our modularity result we give here the following special case: 



^Here vj denotes a uniformizer of O. 
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Theorem 1.1. Assume #C1f = 1, that p does not divide the class number of the 
ray class field of F of conductor p, and that any prime q \ dF satisfies q ^ ±1 (mod 
p) . Let p be the prime of F over (p) corresponding to the embedding F <—t Q Q p 
that we have fixed. Let t be the unramified Hecke character of infinity type Too(z) — 
z/z and letTp : Gal(Q/ ' F) — > Z* be the associated p-adic Galois character. Assume 
that v&l p (L int (l,T)) = 10 

Let p : Gal(_Fx;/_F) — > GL/2(Q p ) be a continuous irreducible representation that 
is ordinary at all places q | p. Suppose p ss = 1 r p . // the following conditions are 
satisfied: 

(1) S D {q | pd F }, 

(2) if q G E,qfp, then r p (Frob q ) ^ ±ffOp/<\ as elements ofF p , 

(3) det(p) = t p> 

(4) p is Ti-minimal, 

then p is isomorphic to the Galois representation associated to a cuspform of 
GL^Ap-) of weight 2, twisted by the p-adic Galois character associated to a Hecke 
character of infinity type z . 

We also study the existence of reducible deformations (see Section l5T5j) . In con- 
trast to the situation in [SW97] there exists no reducible E-minimal O-deformation 
in our case, only a nearly ordinary (in the sense of Tilouine |Til96j ) reducible defor- 
mation which is, however, not de Rham at one of the places above p. This means 
that the method of |SW97j to prove R = T via the numerical criterion of Wiles 
and Lenstra |Len95] . jWi!95j cannot be implemented despite having all the ingre- 
dients on the Hecke side (i.e., a lower bound on the congruence module measuring 
congruences between cuspforms and Eisenstein series). 

The assumption on xo being anticyclotomic could be relaxed but is useful both 
for proving the uniqueness of po and to construct the modular deformations, and 
is related to a condition on the central character in Taylor's result on associating 
Galois representation to cuspforms. The restrictions in Definition [3J] on the places 
contained in E and on the class group of the splitting field of xo are similar to 
those of [SW97] and are essential for the uniqueness of po. Our methods do not 
allow to go beyond the E-minimal case (to achieve that in the Q-case |SW97j use 
Proposition 1 of [TW95], but its analogue fails for imaginary quadratic fields) or 
treat residually irreducible Galois representations. To complement our study of 
the absolute deformation problem of a residually reducible Galois representation 
the reader is referred to the analysis of the nearly ordinary relative deformation 
problem in [CMar] . 

2. Notation and terminology 

2.1. Galois groups. Let F be an imaginary quadratic extension of Q of discrim- 
inant dp 3, 4 and p > 3 a rational prime which splits in F. Fix a prime p of F 
lying over (p) and denote the other prime of F over (p) by p. Let C1f denote the 
class group of F. We assume that p \ #Cli? and that any prime q | d F satisfies 
q ^ ±1 (mod p). 

For a field K write Gk for the Galois group G&\(K/K). If K D F is a number 
field, Ok will denote its ring of integers. If if is a finite extension of for some 
rational prime £, we write Ok (respectively wk , arid F^-) for the ring of integers of 



: For definitions see section [2] 
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K (respectively for a uniformizer of K, and Ok /^kOk)- If q is a place of K, we 
write K q for the completion of K with respect to the absolute value | • | q determined 
by q and set 0/f. q = 0A' q (if q is archimedean, we set Ok,<\ = Kq)- We also write 
w q for a uniformizer of K q . 

Fix once and for all compatible embeddings i q : F <^-> F q and F q °-> C, for 
every prime q of F, so we will often regard elements of -F q as complex numbers 
without explicitly mentioning it. If q is a place of K C F, we always regard K q as 
a subfield of F qn o F as determined by the embedding i q ne> F - This also allows us 
to identify Gx q with the decomposition group Dq C Gk of a prime of the ring 
of integers O-p of F. We will denote that decomposition group by D q . Abusing 
notation somewhat we will denote the image of D q in any quotient of Gk also by 
D q . We write I q C D q for the inertia group. 

Let E be a finite set of places of K . Then Ks will denote the maximal Galois 
extension of K unramified outside the primes in E. We also write Gs for Gf s - 

For a positive integer n, denote by \x n the group of n-th roots of unity. If K is a 
number field we set K' = K([a p ). Let u>k,p denote the character giving the action 
of Gal(K' I K) on [i v . Let Q\k, v denote the Sylow-p-subgroup of the quotient of 
the class group CIr-/ of K' corresponding (by Class Field Theory) to the quotient 
Ik'/Pk'F, where Ik 1 is the group of fractional ideals of K' , Pk> the subgroup of 
principal ideals and V the subgroup of Ik > generated by the primes of K' lying over 
p. We will write G\ K p for the cj^p-part of C1k, p - 

2.2. Hecke characters. For a number field K, denote by Ak the ring of ade- 
les of K and set A = Aq. By a Hecke character of K we mean a continuous 
homomorphism 

A : K x \ A K — > C x . 

For a place q of K write £W for the restriction of I to K q and 1^°°^ for the restriction 
of I to ri q |oo The latter will be called the infinity type of A. We also usually 
write l(vj q ) to mean l^\w q ). Given A there exists a unique ideal f> of K with the 
property that \^{x) = 1 for every finite place q of K and x € O k such that 
x — 1 6 fA0i<", q - The ideal f> is called the conductor of A. If K = F, there is only 
one archimedean place, which we will simply denote by oo. For a Hecke character 
A of F, one has \^°°>{z) = z m z n with m,n G R. If m,n € Z, we say that A is of 
type (^o). We always assume that our Hecke characters are of type (Ao). Write 
L(s, A) for the Hecke L-function of A. Let A be a Hecke character of infinity type 
z a (=) with conductor prime to p. Assume a, b £ Z and a > and b > 0. Put 

L alg (0, A) := n- a - 2b (4=) r (a + b ) ' L (0> A )> 

where is a complex period. In most cases, this normalization is integral, i.e., lies 
in the integer ring of a finite extension of F p . See |Ber08j Theorem 3 for the exact 
statement. Put 

L int (0 A) = J LalS (°' A ) if val P (£ alg (0,A)) > 
1 1 otherwise. 

For z € C we write ~z for the complex conjugate of z. The action of complex 
conjugation extends to an automorphism of A£, and we will write x for the image 
of x e A F under that automorphism. 
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For a Hecke character A of F, we denote by A c the Hecke character of F defined 
by A c O) = X(x). 

2.3. Galois representations. For a field K and a topological field E, by a Galois 
representation we mean a continuous homomorphism p : Gk GL n (E). If n = 1 
we usually refer to p as a Galois character. We write i^(/o) for the fixed field of 
ker p and call it the splitting field of p. If if is a number field and q is a finite prime 
of K with inertia group I q we say that p is unramified at q if p\x = 1. 

Let E be a finite extension of Q p . Every Galois representation p : Gk — > GL n (E) 
can be conjugated (by an element M 6 GL n (E)) to a representation pu ■ Gk — > 
GL u (Oe)- We denote by p M : Gf — > GL„(Fs) its reduction modulo txjeOe- It 
is sometimes called a residual representation of p. The isomorphism class of its 
semisimplification Pm ^ s independent of the choice of M and we simply write ~p ss . 

Let e : Gf —> Z* denote the p-adic cyclotomic character. For any subgroup 
G C Gp we will also write e for e\c- Our convention is that the Hodge- Tate weight 
of e at p is 1. 

Let A be a Hecke character of F of type (Ao). We define (following Weil) a p-adic 
Galois character 

A p : Gf — > -F p 

associated to I by the following rule: For a finite place q \ pf\ of F, put / p (Frob q ) = 
*p(*oo 1 G( t * 7 q))) wnere Frobq denotes the arithmetic Frobenius at q. It takes values 
in the integer ring of a finite extension of F p . 

2.4. Automorphic representations of Ap and their Galois representations. 

Set G = ReSi?/QGL 2 . For Kf = Yl^^Kq an open compact subgroup of G(Af), 
denote by S2 (Kf) the space of cuspidal automorphic forms of G(A) of weight 2, 
right-invariant under Kf (for more details see Section 3.1 of Urb95 ). For -0 a finite 
order Hecke character write ^(-Kf, ip) for the forms with central character tp. This 
is isomorphic as a G(Af)-module to ©7^' for automorphic representations tt of 
certain infinity type (see Theorem 12.11 below) with central character ip. Here 7Tf 
denotes the restriction of n to GL2(Af) and irf 1 stands for the i^f-invariants. 
For g 6 G(Af) we have the usual Hecke action of [KfgKf] on S2 (K{) and 

S2(Kf,ip). For primes q with K q = GL 2 (OF,q) we define T q = [Kf 

Combining the work of Taylor, Harris, and Soudry with results of Friedberg- 
Hoffstein and Laumon/Weissauer, one can show the following (sec [BH07J for gen- 
eral case of cuspforms of weight k): 

Theorem 2.1 ( BH07J Theorem 1.1). Given a cuspidal automorphic represen- 
tation tt of GL 2 (Af) with TToa isomorphic to the principal series representation 
corresponding to 




and cyclotomic central character tp (i.e., ip c — tp), let T, n denote the set consisting 
of the places of F lying above p, the primes where ix or ix c is ramified, and the 
primes ramified in F/Q. 

Then there exists a finite extension E of F p and a Galois representation 

Pk-.Gf^ GL 2 (E) 



Kf}. 
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such that if q ^ T,^, then p^ is unramified at q and the characteristic polynomial 
o//07r(Frob q ) is x 2 — a q (ir)x + i)j(vj^){^Of I <\), where Oq(7r) is the Hecke eigenvalue 
corresponding to T q . Moreover, p„ is absolutely irreducible. 

Remark 2.2. Taylor has some additional technical assumption in |Tay94| and only 
showed the equality of Hecke and Frobenius polynomial outside a set of places of 
zero density. Conjecture 3.2 in |CD06| describes a conjectural extension of Taylor's 
theorem. 

Urban studied in [Urb98j the case of ordinary automorphic representations tt, and 
together with results in |Urb05j on the Galois representations attached to ordinary 
Siegel modular forms showed: 

Theorem 2.3 (Corollary 2 of LUrb05.). Let q be a prime of F lying over p. Ifir is 
unramified at q and ordinary at q ; i.e., |a q (7r)|q = 1, then the Galois representation 
Ptt is ordinary at q, i.e., 

I ~ 1*1 * 
where * 2 |/„ = 1 and = det p n \ T = 



Definition 2.4. Let £ be a finite extension of F p and p : Gf —> GL2(E) a Galois 
representation. We say that p is modular if there exists a cuspidal automorphic 
representation ir as in Theorem 12. 11 such that p = p^ (possibly after enlarging E). 

From now on we fix a finite extension E of F p which we assume to be sufficiently 
large (see section |4~21 and Remarks 14.51 and 15. 141 where this condition is made more 
precise). To simplify notation we put O := Oe, F = Fe and w = we- 

3. Uniqueness of a certain residual Galois representation 

In this section we study residual Galois representations po : Gp — > GL 2 (F) of 
the form 

"1 * " 

Pa = 

Xo_ 

having scalar centralizer for a certain class of characters \o (cf. Definition 13. ip . 
We show that for a fixed \o there exists at most one such representation up to 
isomorphism (Theorem 13. 2[) . In Section U we show that there indeed exists one 
provided that val p (L(0, </>)) > for a certain Hecke character <fi of F such that 
the reduction of (f> v e is \o- Alternatively, one could invoke the generalizations of 
Kummer's criterion to imaginary quadratic fields (see e.g. |CW77j . |Yag82| , [Hid82 , 
[LRTJ7] V 

Let E be a finite set of finite primes of F containing the primes lying over p and 
let xo : Gt, — > F x be a Galois character. 

Definition 3.1. We say that xo is ^~ admissible if all of the following conditions 
are satisfied: 

(1) Xo is ramified at p; 

(2) if q 6 S, then either \o is ramified at q or x^ 1 {Froh^) ^ #0F/q (as 
elements of F); 

(3) xo is anticyclotomic, i.e., xo(cac) — Xo( <T ) _1 for every a € Gs and c the 
generator of Gal(F/Q); 

(4) Cl F{xohp = (cf. SectionEU; 
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(5) The Xo 1 -eigenspace of the p-part of Clp( Xo ) is trivial. 

Note that Conditions (1) and (3) of Definition 13.11 imply that xo is also ramified 
at p. Fix t G I p such that Xo( T ) 7^ 1- Let 

po : G s -> GL 2 (F) 

be a Galois representation satisfying both of the following two conditions 

|~1 * " 
(Red): p Q = ; 

L XoJ 

(Sc): po has scalar centralizer. 
We have the following tower of fields: F C F(xo) C F(p ). Note that p does 
not divide [F(xo) ■ F], F(po)/ F(xo) is an abelian extension of exponent p, hence 
Ga\(F(p )/F(xo)) can be regarded as an F p -vector space Vb on which the group 
G := Gal(F(xo)/F) operates F p -linearly by conjugation and thus defines a repre- 
sentation 

ro : G -> GL Fp (V ), 

which is isomorphic to the irreducible F p -representation associated with Xo" 1 - 

Let L denote the maximal abelian extension of F(xo) unramified outside the set 
£ and such that p annihilates Gal(L/F(xo))- Then, as before, V := Gal(L/F(xo)) 
is an Fp-vector space endowed with an F p -linear action of G, and one has 

V®f p F p = V", 

V GHom(G,Fp ) 

where for a Z p [G]-module N and an F p -valued character ip of G, we write 
(3.1) N v = {n e N ® Zp F p \an = <p(o)n for every a G G}. 

Note that Vb ®f p F p is a direct summand of V Xo 1 . 
Theorem 3.2. //xo * s ^-admissible, then dim-p V x ° = 1. 

Proof. Let Lo be the maximal abelian extension of F(xo) of exponent p unramified 
outside the set S and such that G acts on Gal(Lo/F(xo)) via the irreducible F p - 
representation associated with XcT 1 - ^ is enough to show that 

dimp p (Gal(L /F(xo)) ® F p ) < 1. 

Condition (2) of Definition 13.11 ensures that Lq/F(xo) is unramified outside the 
set {p,p}. Hence it is enough to study the extensions L/F(xo) and Lo/F{xo) with 
S = {p, p}. For po G {p, p} let S Po be the set of primes of F(xo) lying over p and put 
S p := S p USp. Write M for Ylqes ( 1 + c l) and r for tlic torsion submodule of M. By 
condition (5) of Definition 13.11 and Class Field Theory (see, for example, Corollary 
13.6 in [Was97j ) one has Gal(L/F(xo)) = {MfE) ® F p , where £ is the closure off, 
the group of units of the ring of integers of -F^Xo) which are congruent to 1 modulo 
every prime in S p . Hence Gal(Lo/F(xo)) is a quotient of {MfE) ® F p . On the 
other hand, using condition (3) of Definition 13. II one can show that Gal(Lo/-F(xo)) 
is a quotient of (M/T) <X> F p . This follows from the fact that T is a product of the 
groups p p ] thus xo being anticyclotomic by condition (3) of Definition 13.11 cannot 
occur in T. We will now study both (M/T) ® F p and (M/£) ® F p , beginning with 
the former one. 
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Let G v := Hom(G,F p ). Since G is abelian, (M/T) <£> F p decomposes into a 
direct sum of F p [G]-modules 

(M/T) ®F P = (M/T)* 
tpeG v 

with (M/T)^ denned as in (13.11) . Note that we can refine this by writing 

M/T= [] M Po/T Po , 
Poe{p : p} 

where M Po = IlqeSp (l + l) an d T Po is the torsion subgroup of M Po . Each M Po /T Po 
is G-stable. 

Lemma 3.3. Let po g {p,p}- For every if) g G v , we have 

dim^(M Po /T Po )^ = l. 

Proof of Lemma \3.3[ Note that to decompose (M Po /T Po ) ® F p it is enough to de- 
compose Yl qeS q ® F p , since (1 + q)/(torsion) = q as Z p [Z? q ]-modules, where D q 
denotes the decomposition group of q. It is not difficult to see that 

n ®k 

where F p denotes the one-dimensional F p -vector space on which G acts via <j). The 
Lemma follows easily. □ 

Consider the exact sequence of G-modules 

(3.2) £ ® F p A M ® F p -> (M/F) <g> F p -> 0. 

Lemma 3.4. kcrt = 0. 

Proof of Lemma \3.J\ For a finitely generated Z-module A, write rkp(^4) for the 
dimension of the F p - vector space A/pA. First note that since \o is anticyclotomic, 
Hp <£. F(xo) an d thus £ is a free Z p -module. By the Leopoldt conjecture (which is 
known for F(xo) by a result of Brumer |Bru67j ) we have rkz £ = r-2 — 1 and since 
rkz M = 2r2, we can find a basis of the free part of M (if the relative ramification 
index e of p in the extension F(xa)/F is smaller than p — 1, then M is free) such 
that the image of £ lands in the first r2 — 1 Zp-factors of Mf ree = Z p r2 . Under this 
identification we have 

M/£ = (T^- X j£) x Z^ +1 x T. 

Note that ker t = if and only if there does not exist m £ M \ £ whose p-th power 
is in £ \ {1}. Hence ker i = if and only if rk p (M /£) = r% + 1 + d, where d = rk p (T) 
is the number of primes q of F(xo) over p such that n P C -F(xo)q (since F(xa) is 
anticyclotomic, d equals the number of primes of K over p (if e = p— 1) or zero (if e < 
P — 1)). Let L' /F(xo) be the maximal abelian pro-p extension of F(xo) unramificd 
outside p. (The group Gal(L/F(xo)) is the maximal quotient of Ga\(L' / F(xo)) 
of exponent p.) By Class Field Theory ik p {M/£) < rkp(Gal(L'/F(xo))) (equality 
holds if the p-part of the class group of F(xo) is trivial). We have Gal(L'/ F(xo)) — 
Z p 2+1 (BT P , where T p denotes the torsion subgroup. So, if we show that rk p (7^) = d, 
we are done. This follows immediately from condition (4) of Definition 13.11 and 
|Gra03j . Proposition 4.2.2 (p. 283). This completes the proof of the Lemma. □ 
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We are now ready to complete the proof of Theorem 13.21 Recall that the tensor 
product Gal(L /F(xo)) <8> F p is both a quotient of (M/T)®F p and of (M/£) ®F p . 
Since (M/T) <g) F p = (M v /T p ) <g> F p x (A%/T F ) <g) F p , Lemma GO] implies that 



(M/T)®F p = J] (fJxfJ 



On the other hand one has 

£®F P = j I Fp. 

V>GG V \{1} 

Using Lemma I3T41 and the fact that p annihilates T, one can easily show the injec- 
tivity of the composite 

£ <g> F p A M ® F p A (M/T) ® F p , 
where 7r is the natural projection. So, Gal(Lo/i r (xo)) <8> F p is a quotient of 

((M/T) (g) F p )/(£ ® F p ) = F P x Fp x J] fJ. 

Vecv\{i} 

Since xo 7^ 1, we have dim-p (Gal(L /F(xo)) ® F p ) < 1, which we wanted to 
show. □ 

Corollary 3.5. Suppose p' : Ge — > GL2(F) is a Galois representation satisfying 
conditions (Red) and (Sc) for a E- admissible character xo- 27ien // = po- 

4. Modular Forms and Galois representations 

In this section we exhibit irreducible ordinary Galois representations that are 
residually reducible and arise from weight 2 cuspforms. 

4.1. Eisenstein congruences. Let <fii,4>2 be two Hecke characters with infinity 
types (f>^°\z) = z and 4>2 > ( z ) = z ~ l ■ 7 = 4>i4>2- Write 9JI for the conductor 
of (j) := 4>i/<h- 

Denote by © the finite set of places where both <pi are ramified, but <fi is unram- 
ified. Write DJli for the conductor of fa. For an ideal 9T in Of and a finite place q 
of F put 9t q = mO F ^. We define 

Xl( ^ ) = {(c d) eGLa(O F ,,),o-l,c = mod 01, j, 

and 

U 1 ^) = {k G GL 2 (Ojr, q ) : det(fc) = 1 mod 01,,}. 

Now put 

(4.1) K f := C/ 1 ^) II ^ 1 ((2«i^2) q ) C G(A f ). 

qee q£6 
From now on, let E be a finite set of places of F containing 

:= { q | < m < m c< m 1 < m c 1 } U {q | pd F }. 

We denote by T(E) the O-subalgebra of Ende> (S2 (Kf, 7)) generated by the Hecke 
operators T q for all places q ^ E. Following |Tay88| (p. 107) we define idempotents 
e p and e-p, commuting with each other and with T(E) acting on S2(-Kf, 7). They 
are characterized by the property that any element h G X ;= e p ep S2(K{, 7) which 
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is an eigenvector for T p and Tp- satisfies |et p (/i)| p = |a-p-(ft,)| p = 1, where a p (/i) (resp. 
a-p(h)) is the T p -eigenvalue (resp. T p -eigenvalue) corresponding to h. Let T ord (E) 
denote the quotient algebra of T(E) obtained by restricting the Hecke operators to 
X. 

Let J(E) C T(E) be the ideal generated by 

{T„ - M^,) • #{o F , q /m q ) - I q t S}. 

Definition 4.1. Denote by m(E) the maximal ideal of T ord (E) containing the 
image of J(E). We set T E := T ord (E) m(s) . Moreover, set J E := J(E)T S . We refer 
to Js as the Eisenstein ideal o/Ts. 

Theorem 4.2 ( |Ber05| . Theorem 6.3, |Ber09j Theorem 14). Let </> be an unramified 
Hecke character of infinity type (f>(°°'(z) = z 2 . There exist Hecke characters 4>\,<f>2 
with 4>i/(f>2 = 4> such that their conductors are divisible only by ramified primes or 
inert primes not congruent to ±1 mod p and such that 

#(T s /J s )>#(O/(L int (O,0))). 

Proof. The Eisenstein cohomology class used in the proof of |Ber09] Theorem 14 is 
ordinary, so we can deduce the statement for the ordinary cuspidal Hecke algebra. 

□ 

Remark 4.3. If <j> is unramified then p e is anticyclotomic (see Ber09] Lemma 
1). The condition on the conductor of the auxiliary character <pi together with our 
assumption on the discriminant of F therefore ensure that for \o = 0pe condition 
(2) of E-admissibility is automatically satisfied for all primes q G S^, 

The assumption on the ramification of <f> can be relaxed. For example, Propo- 
sition 16 and Theorem 28 of }Ber08l and Proposition 9 and Lemma 11 of |Ber09] 
imply the following: 

Theorem 4.4. Let <fii, <f>2 be as at the start of this section. Assume both SCTi 
and 5Dt 2 are coprime to (p) and divisible only by primes split in F/Q and that 
p \ #{O f /MWliY . Suppose (</>i/0 2 ) c = 0i/0 2 - // the torsion part of H 2 {S Kf , Z p ) 
is trivial, where 

S Kt = G(Q)\G(A)/K f U(2)C x 

then 

#(T S /J S ) >#(O/(L int (O> 1 /0 2 ))). 

Remark 4.5. In fact, by replacing Z p by the appropriate coefficient system, the 
result is true for characters (fri,<f>2 of infinity type zz~ m and z~ rn ~ 1 , respectively, 
for to > 0. For Theorems 14.21 and 14.41 the field E needs to contain the values of the 
finite parts of 4>x and </>2 as well as L lnt (0, (fri/fo)- 

We will from now on assume that we are either in the situation of Theorem 14.21 
or 14.41 and fix the characters 4>i,<f>2 and <fi = fyxjfyi-, with corresponding conditions 
on the set E and definitions of Kf , Ts , and Je . We also assume from now on that 
val p (L lnt (0, <fi)) > 0. Put xo = and assume that \o is E-admissible. If we are in 
the situation of Theorem 14.41 then suppose also that DJli and 9Jt2 are not divisible 
by any primes q such that #(C/q) = 1 mod p. (This last assumption is only used 
in the proof of Theorem 15.31 ) 
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4.2. Residually reducible Galois representations. Write 



Sj(#f,7)r 



Kt 



Trenz 



for a finite set LTs of ordinary cuspidal automorphic representations with central 
character 7, such that irf ! ^ 0. The set lis is non-empty by Theorem 14.21 under 
our assumption that val p (L mt (0, </>)) > 0. 

Let 7r £ lis. Let p v : Gs — > GL2{E) be the Galois representation attached to ir by 
Theorem 12. II (This is another point where we assume that E is large enough). The 
condition on the central character in Theorem 12.11 can be satisfied (after possibly 
twisting with a finite character) under our assumptions on 0, see [Ber09| Lemma 
8. The representation p^ is unramified at all q ^ S^, and satisfies 

tr/^Frobq) = a q (7r) 

and 

detp T (Frob q ) = 7(07,) • #{0 F /q). 

By definition, Ts injects into Tens Ende>(-7r^ f ). Since T q acts on 7r by multi- 
plication by a q (ir) £ O the Hecke algebra T s embeds, in fact, into B = n^eiis ^- 

Observe that ©„. en tr p^{(i) £ T s C B for all cr e Gg. This follows from the 
Chebotarev Density Theorem and the continuity of p n (note that Ts is a finite 
O-algebra). 

Fix 7r G Lis for the rest of this subsection, 
satisfies 



:= p-n 



tr/4(Frobq) = l 



Define p' T 
;)(Frobq) (mod ro) for q ^ S4 



Then /4 



and 



6 2,p 



det p' v = 7 • 

By choosing a suitable lattice A one can ensure that p' v has image inside GL2(C). 
The Chebotarev Density Theorem and the Brauer-Nesbitt Theorem imply that 

By Theorem 12.1 1 p' T is irreducible, so a standard argument (see e.g. Proposition 
2.1 in [Rib76 ) shows the lattice A may be chosen in such a way that p^. is not 
semi-simple and 



(4.2) 



Hence p'^ satisfies conditions (Red) and (Sc) of Section [3] By Theorem 12. 3\ p'^ is 
ordinary which combined with (|4.2[) implies that 



(4.3) 

We put 
(4.4) 



— / 

Pit 



At 



I 



po 



Pn- 



Remark 4.6. Let r £ I ] 

one can find a basis such that 



p be as in Section [31 The isomorphism in (|4.3[) implies that 



Po{t) 



Xo(t) 
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and 



1 



for a fixed go € I p . Note that such a go exists as it follows from the Proof of Theorem 
13.21 that for po satisfying (I4.3[) . the extension F(po)/F(xo) is totally ramified at p. 

Furthermore, the ordinary modular deformations of po in Section 5.2 cannot be 
induced from a character of a quadratic extension of F because such representa- 
tions split when restricted to the decomposition groups D q for q | p. This follows 
from Urban's result (Theorem 2.3) and the restriction of these characteristic rep- 
resentations being semisimple on an open subgroup of each of the decomposition 
groups. 

5. Deformations of p 

Let S, 4>, xo an d Po be as in Section 0J Recall that we have assumed that xo is 
S-admissible and have shown in Section |4~21 that po satisfies conditions (Red) and 
(Sc) of Section[3l Hence by Corollary [331 Po is unique up to isomorphism. By (|4.3|) 
the extension F(p )/F(xo) is ramified at p but splits at p. In this section we study 
deformations of po- 

5.1. Definitions. Denote the category of local complete Noetherian O-algebras 
with residue field F by LCN(J5). An O-deformation of po is a pair consisting of 
A e LCN(.E) and an equivalence class of continuous representations p : Gs — > 
GL 2 (A) such that po — p (mod m^), where rru is the maximal ideal of A. As is 
customary we will denote a deformation by a single member of its equivalence class. 
Note that the Hodge- Tate weights of p e are -1 at p and +1 at p. 



Definition 5.1. We say that an O-deformation p : Gs 
if 



G\j2{A) of po is ordinary 



dot p 



and 



with unramified and 



P\D V 



P\d- b 



*1 



*4 



with ^4 unramified. 

Following SW97 we make the following definition: 

Definition 5.2. We will say that a deformation p of po is T,-minimal if p is ordinary 
and for all primes q € E such that #(0j?/q) = 1 (mod p) one has 

"1 

Note that by our assumption on the conductor of <f>, we in fact have 4>p\i. =1 for 
q as above. 

Since po has a scalar centralizer and S-minimality is a deformation condition in 
the sense of |Maz97j , there exists a universal deformation ring which we will denote 
by Rt,,o € LCN(E), and a universal E-minimal O-deformation pt,,o '■ Gs — > 
GL 2 (i?£,e>) such that for every A e LGN(E) there is a one-to-one correspondence 
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between the set of 0-algebra maps Rt.,o — > A (inducing identity on F) and the set 
of E-minimal deformations p : Gs — > GL/2(v4) of po. 

5.2. Irreducible modular deformations of po. The arguments from Section |4~21 
together with the uniqueness of po ( Corollary !3-5[) can now be reinterpreted as: 

Theorem 5.3. For any ir £ lis there is an O-algebra homomorphism tv : Rt,,o ~» 
O inducing p' v . 

Proof. The only property left to be checked is E-minimality. This is clear since 
Ptt is unramified away from S<p, and no q € S$ satisfies #(Of/q) = 1 (mod p) by 
construction (if we are in the case of Theorem I4.2[) or assumption (in the case of 
Theorem l4~4l). □ 



Remark 5.4. The assumption on the conductors of <f>i,<p2 made at the end of 
Section 14.11 could be relaxed if local-global compatibility was known for the Galois 
representations constructed by Taylor. For a discussion of the Langlands conjecture 
for imaginary quadratic fields see |CD06j Conjecture 3.2. 

Proposition 5.5. There does not exist any non-trivial upper-triangular Yi-minimal 
deformation of po to GL2(F[x]/a; 2 ). 

Proof. Let p : Gs — > GL2(F[a;]/a; 2 ) be an upper-triangular E-minimal deformation. 
Then p has the form 

1 + xa * 

Xo + xP_ 

for a : Gs — > F + a group homomorphism (here F + denotes the additive group of 
F) and (3 : Gs ^Fa function. 

By ordinarity of p we have det p = Xo, which forces f3 = — a\o- Let q be a prime 
of F and consider the restriction of a to J q . If q € E, q ^ p,p and #(Of/<\) ^ 1 
mod p, one must have (by local class field theory) that a(I q ) = 0. If q € E and 
#(0F/q) = 1 mod p (resp. q = p), then E-minimality (resp. ordinarity at p) 
implies that ct(Iq) = 0. Thus a can only be ramified at p. However, since p is 
ordinary at p, p\i- can be conjugated to a representation of the form 

"1 

Xo. 

This, together with the fact that \a is ramified at p (see the remark after Definition 
I3.1[) easily implies that a must be unramified at p. Since p\ # Clj?, we must have 
a — 0. Hence p is of the form 

"l * 

Xo 



and for G' = ker(xo) C Gs we have 



P\g> 



1 6o 



xbi 



for bo,bi : G' — > F + group homomorphisms. Note that F(p)/F(xo) is thus 
an abelian extension unramified outside E which is anihilated by p. Moreover, 
Gal(F(xo)/F) acts on Gal(F(p)/F(xo)) via Xo 1 - Since xo is E-admissible, Theo- 
rem [32] implies that Gal(F(p)/ F(xo)) — F. Since p = po mod x, we see that bi = 
and thus p must be the trivial deformation of pq. □ 
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Proposition 5.6. The universal deformation ring i?s,o is generated as an O- 
algebra by traces. 

Proof. We follow the argument of |Cal06] . Lemma 4.2. If suffices to show that any 
non-trivial deformation of po to GL 2 (F[:c]/:r 2 ) is generated by traces. Let p be 
such a deformation. Observe that for a € Gal(Q/i r (xo)) the element p(o~) can be 
written as 

fl + xa(a) bo(a) + xbx(a)\ 

\ xc(a) I + xd{a) ) ' 

so det(p)(a) — tr(p)(cr) = — 1 — xbo(cr)c(a). Since c is non-trivial by Proposition l5.5l 
the Chebotarev Density Theorem implies there exists a a such that xbo(a)c(a) =/= 0. 
Since det(p)(a) = 1, it follows that the traces of p generate FfirJ/ir 2 . □ 

Lemma 5.7. TTie image of the map i?s,e> - ^ llTren ^ gi ven by x ^ (r n (x)) n is 
T s . 

Proof. The O-algebra i?s,e> is generated by the set {tr ,os,e>(Frob q ) | q ^ £}. For 
q ^ £, we have 

r 7r (trp Ei o(Frob q )) = 2 ,p(Frob q ) _1 a q (7r). 
Hence the image of the map in the Lemma is the closure of the O-subalgebra of 
ri^eris ^ generated by the set {</>2, p (Frob q ) _1 T q | q ^ £} which is the same as the 
closure of the O-subalgebra of ri^eris ^ generated by the set {T q | q ^ £} which 
in turn is Ts . □ 

By Lemma 15.71 we obtain a surjective O-algebra homomorphism r : Rs_o Ts. 

Theorem 5.8. If Ry,,o is a discrete valuation ring and if 

val p (i int (0,(/>)) > 

then the map r : Rs.o Ts defined above is an isomorphism. 

Proof. As in |Cal06j this follows because T s ^ Ts/nj" for any n. □ 

5.3. When is i?s,e> a dvr? Set \fr :— (f> v e and write ^ for ^ (mod w 2 ). 

Proposition 5.9. Assume that po does not admit any Yi-minimal upper-triangular 
deformation to GL 2 (0 / 'vj 2 : 0) and that x^ 1 is ^-admissible. Then Rs,o is a discrete 
valuation ring. 

Remark 5.10. The condition on the non-existence of a E-minimal upper-triangular 
deformation of p to GL 2 (0/n7 2 0) follows from the following condition on the 
character <fi (or, which is the same, on the splitting field i r (4 r 2) of ^2)'- There 
does not exist an abelian p-extension L of F(^>2), unramified outside p such that 
Gal(L/F(* 2 )) is isomorphic to a Z[Gal(F(* 2 )/i ? )]-submodule of (0/m 2 0)(^ 1 ) 
on which Gal(F(5 , 2)/F) operates faithfully. Indeed, as in the proof of Proposition 
15 .51 the condition of E-minimality forces any such deformation to be of the form 
"l * ] 

_ j with * corresponding to an extension of F'(4 f 2) unramified away from p. 
U W 2 J 

Proof of Proposition \5.9l We briefly recall some general facts about Eisenstein rep- 
resentations from Section 3 of [Cal06l and Section 2 of [BC06 : Let (A, m, k) be a 
local p-adically complete ring. Let G be a topological group and consider a con- 
tinuous representation p : G — > GL2 (A) such that tr (p) mod m is the sum of two 
distinct characters r,;:G->fc x ,i = l,2. 
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Definition 5.11. The ideal of reducibility of A is the smallest ideal I of A such 
that tr (p) mod / is the sum of two characters. 

Lemma 5.12 ([BC06J Corollaire 2, [Cal06] Lemma 3.4). Suppose A is noetherian, 
that the ideal of reducibility is maximal, and that 

dim fc ExtJ tsfc[G] (n,r 2 ) = dim fe ExtJ tS) fc [G] (T2,Ti) = 1. 

// A admits a surjective map to a ring of characteristic 0, then A is a discrete 
valuation ring. 

We apply this Lemma for G = Gs, A = ife,o, Ti = 1, and r 2 = xo- S- 
admissibility of both \o an d its inverse guarantees that the dimension condition 
in Lemma 15.121 is satisfied. Moreover, since Rt,,o — > Is is surjective and Ts is a 
ring of characteristic zero, we infer that Rs,o is a discrete valuation ring whenever 
the ideal of reducibility / of Rs,o is maximal. This is the case if and only if there 
does not exist a surjection R^,o/I -» F[x]/x 2 or R^,o/I -» 0/w 2 0, or, by the 
universality of i?s,o if Po does not admit any non-trivial S-minimal deformations of 
po to GL2(F[x]/x 2 ) or GL 2 (0/n7 2 0) that are upper-triangular. The latter cannot 
occur by assumption and the former by Proposition 15.51 □ 

Note that Gal(F(^f)/F) = T x A with T = Z p and A a finite group. 

Theorem 5.13. Assume p\ $A and that Xq 1 is S- admissible. If 

#(0/L int (O,0))=p[° : H 

then po does not admit any Y>-minimal upper-triangular deformation to GL 2 (0 /vj 2 0) 
In particular Rn,o is a discrete valuation ring. 

Remark 5.14. Let O' be the ring of integers in any finite extension of Q p con- 
taining L lnt (0, <j>). Note that the L- value condition in Theorem 15.131 is equivalent 
to #(O'/L int (0») =p[°' :Z "]. 

Proof. Write ^ for Gal(M(F(*))/F(*)) with A/(F(*)) the maximal abelian 
pro-p-extension of F(ty) unramified away from the primes lying over p and (Xoa ® 
1 the Xo 1 -part of Xoo <g) O. Moreover, write M(F(^ 2 ))^ for the maximal 
abelian pro-p-extension of F($>2) unramified away from p on which Gal(F(\E , 2 )/-P') 
acts via 4 r_1 . We will use the following two lemmas. 

Lemma 5.15. We have 

#((Xoo ® 0) Xo ~7(7 - *- x (7))(^oo ® O)^ 1 ) < #(O/L int (O,0)). 

Lemma 5.16. We have 

(5.1) #(Gal(M(F(* 2 ))*/F(* 2 ))®0)^ 1 < 

< #((X oc ® 0)^V(7 ~ * _1 (7))(^oo ® 0) x ° 

We first show how Theorem 15.131 follows from these lemmas. Suppose that L 
as in Remark 15.101 existed. Then one would have L C M(F(\l/ 2 ))$. One also has 
F(y 2 )F(p Q ) C M(F(* 2 ))*, hence 

(5.2) #(Gal(F(* 2 )F( j00 )/ J F(* 2 ))®O)^ 1 < 

< #(Gal(M(J , (* 2 ))*/i ? (*2)) ® O) x o\ 



1(5 



A DEFORMATION PROBLEM 



but F( i &2)F(po) ^ L, as Gal(F(\I>2)/F) does not act faithfully on the group 
Gal(F( 1 $2)F(po)/ F(^2))- It is easy to see that the quantity on the left-hand side 
of (|5.2[) is p[° :Z p]. Hence, if the conditions of Theorem 15.131 are satisfied, the in- 
equalities in Lemmas 15.151 and 15.161 become equalities and this easily implies that 
F(^ 2 )F(p ) = M(F(& 3 )) 9 . Thus L cannot exist. □ 

Proof of Lemma \5.15\ It follows from Proposition 15.221 (see section I5.5[) that the 
module Hom(X 00 , (S/0)(*- 1 )) Gal (^(*)/^) i s finite. For any Galois character r : 
G F -> O x put A T = E/0(t). By |Guo93aj Proposition 2.2(i) and Proposition 2.3 

Hom(X OOI (iJ/0)(vI/-l))Gal(F(*)/F) ^ grtr ^ 

where S^ r _ (F) C iF(Gp, A^-i) denotes the strict Selmer group defined by Green- 
berg (see |Guo93aj , section 1 for definition) . Note that the class number restriction 
in |Guo93aj is not required for these results. 

It is clear that S^_ x (F) = (F) = S%(F). The duality result of 

|Guo93b] Theorem 2 implies an isomorphism 

S%(F) = SX_JF) 

if both Selmer groups are finite. By the observation at the beginning of the proof 
we know that S^ r (F) is finite. For the Selmer group of the dual character the 
arguments of the proof of Proposition 2.2 of }Guo93aj imply that 

S X,-iS F ^ ^ Hom (^oo, (F/0)(*- 1 e)) Gal ^<*)/^. 

By applying the Main Conjecture of Iwasawa theory Wiles |Wil95j p. 532 proves 
that 

#Hom(X 00 ,(F/0)(vI/- 1 e)) Gal ( F (*)/^ < #(O/L int (0»). 

(For similar results towards the Bloch-Kato conjecture see also |Guo93aj who treats 
imaginary quadratic fields of class number one but Hccke characters of general 
infinity types.) Finally, it is easy to see that 

(5.3) #Hom(X 00 ,(F/0)(vI/- 1 )) Gal ( F (*)/ F ) = 

= <E> 0)^7(7 - f - 1 ( 7 ))(X 00 ® 0)*o 1 . 

□ 

Proof of Lemma \5.16\ The restriction provides a surjective O-linear homomorphism 

(X^ ® 0)*°* -» (Gal(M(F(* 2 ))/F(* 2 )) ® 0)*°\ 
Since Gal(F(* 2 )/F) acts on GaJ(M(F(# 2 )WF(* 2 )) via S^ 1 the composite 

(5.4) (X x <g> 0)*° 1 -» (Gal(M(F(tf 2 ))/F(tf 2 ) ® 0)*o 1 _» 

-# (Gal(M(F(* 2 ))*/F(* 2 )) <g) 0)*° * 

clearly factors through 

(Xoo ® 0) x « 7(7 - *" 1 (7))(^oo (8 0) Xl7 1 • 

□ 
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5.4. Modularity theorem. In this section we state a modularity theorem which 
is a consequence of the results of the previous sections. To make its statement 
self-contained, we explicitly include all the assumptions we have made so far. 

Theorem 5.17. Let <pi, be Hecke characters of F with split conductors and of 
infinity type z and z~ x respectively such that <f> :— 4>\/4>2 is unramified. Assume 
that the conductor Wt± of 4>\ is coprime to (p) and thatp\ #(0i?/9Jti) x . Moreover, 
assume that val p (i mt (0, 4>)) > 0. 

Let p : Ge — > Gh2(E) be a continuous irreducible representation that is ordinary 
at all places q | p (in the sense of Theorem \2.3\) . Suppose ~j? B = Xi ® X2 with 
Xi = 0i. p£, X2 = 02. p- Set Xo := X1X2 ■ V a M °f the following conditions are 
satisfied: 

(1) s d {q 1 pdFmmi}, 

(2) the representation Jji&x^ 1 admits no upper-triangular £ -minimal deforma- 
tion to Gh 2 (0/zu 2 0), 

(3) xo an d Xq 1 are ^-admissible 

(4) det(p) = 0i0 2 e, 

(5) p® (f>2p is T,-minimal, 

then p is modular in the sense of Definition \2.J\ 

Remark 5.18. Write Gal(F(*)/F) = T x A with r = Z p . If p \ #A then by 

Theorem EH condition (2) in Theorem [5T7| can be replaced by #(O/ J L int (0, (/))) = 
p[0--z p ]_ 

Remark 5.19. Theorem 14.41 and Remark 14.51 show that the conditions for the 
conductor and infinity type of </> can be relaxed if one imposes a condition on the 
torsion-freeness of a cohomology group. 

Example 5.20. We now turn to a numerical example in which we can verify 
the conditions of Theorem 15.171 (under an additional assumption which we discuss 
below). Let F = Q(\/— 51) and p = 5 (which splits in F). Since the class number 
is 2, there are two unramified Hecke characters of infinity type z 2 . For each of 
them the functional equation relates the L- value at to the L-value at of a Hecke 
character of infinity type z/z. The latter one in turn is equal (by the Weil lifting - 
see e.g. |Miy89| , Theorem 4.8.2 or |Iwa97j . Theorem 12.5) to the L- value at 1 of a 
weight 3 modular form of level 51 and character the Kronecker symbol (—7=) • Let (f> 
be the Hecke character of infinity type z 2 corresponding to the modular form with 

g-expansion starting with q + 3q 3 + Using MAGMA CBE06 one calculates 

(see Remark T5. 2 ip that 

val 5 (L int (O,0)) > 1. 

Assuming that the 5- valuation is exactly 1 (see Remark 15.211 explaining the com- 
putational issues involved) this is enough to satisfy condition (2) of Theorem 15. 171 
(cf. Remarks 15.141 and I5.18[) . The characters xo = ^pe and Xo 1 are ^-admissible 
for appropriate sets E (i.e. they satisfy conditions (1), (3), (4) and (5) of Definition 
I3.ip because the ray class field of conductor 5 (a degree 16 extension over F) has 
class number 3 (as calculated by MAGMA assuming GRH). Here we use that the 
splitting field F(xo) is contained in the ray class field of F of conductor 5. 

Remark 5.21. In our calculation above we use an operation in MAGMA called 
LRatio which calculates a rational normalisation of the L- value of a modular form 
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using modular symbols. This calculation gives 5-valuation equal to 1. Because of 
the different period used by MAGMA we can only confirm that this provides a 
lower bound on the 5-valuation of L lnt (0, (f>) = L(0,4>)/H, 2 , for Q the Neron period 
of a suitable elliptic curve with complex multiplication by F (see e.g. [Fin06j . p. 
768). This follows from the following relations between the different periods: 

1. The proof of Lemma 7.1 of (DSW03| shows that the period used by MAGMA 
(RealVolume) is an integral multiple of the canonical period Q(f) + defined by 
Vatsal [Vat 99] (up to divisors of Nkl for the level N = 51 and weight k — 3 of the 
modular form). 

2. Vatsal Vat99] proves that one can find a Dirichlet character \ such that 
T (^) ' (-27ri)n(/)± (with x( — 1) — ( — 1) ± ) i s a 5-unit. Note that Vatsal's condition 
that ~pf is absolutely irreducible is satisfied in our case and Q{f)~ ~ ^(/) + because 
/ is a CM form. Here we write ~ to indicate equivalence up to 5-unit . Because 
7r£(l, /, x) ~ L(0,cf) ■ res^(x)) this implies that tt 2 ■ £l(f) + is a 5-integral multiple 

of n 2 . 

5.5. A reducible deformation of p$. Let W = p e. Then xo = Far a finite 
set of primes S of F, let L^,(S) denote the maximal abelian pro-p extension of F(*f?) 
unramified outside S and such that Gal(F(*)/F) acts on Gal(L*(S)/ 'F(&)) via 

Proposition 5.22. The group Gal(L*(E\ {p}) / F(^)) is a torsion Z p -module. 

Proof. The ^-admissibility of \o implies that the extension L^(S \ {p^/F^) is 
unramified away from the primes lying over p. Then the claim follows from the 
Anticyclotomic Main Conjecture of Iwasawa Theory for imaginary quadratic fields 
(see [TTI89] . }Rub91j . |MT90| ) after noting that L(0, (/>) ^ 0. □ 

Corollary 5.23. There does not exist a T,-minimal reducible deformation of pq 
into GLi2{A) if A is not a torsion O -algebra. 



Proof. As in Proposition 15.51 such a deformation would have to be of the form 
(5.5) p = 



1 * 



By ordinarity, one must also have 



which implies that the upper shoulder * in (|5.5[) corresponds to an extension 
L/F{fy) which is unramified away from primes lying over p. Since A is not a 
torsion Z p -module, this would contradict Proposition 15.221 □ 

Remark 5.24. In [SW97] Skinner and Wiles prove an R = T theorem for defor- 
mations of a certain class of reducible (non-semi-simple) residual representations of 
Gq of the form [ 1 * ] for x '■ Gq — > F p a continuous character. They apply the 
numerical criterion of Wiles and Lenstra |Len95] , |Wil95j by first relating the size 
of the relevant universal deformation ring to a special value of the L-function of 
X- They achieve this by studying the Galois cohomology of adp for a S- minimal 
reducible deformation p with values in a characteristic zero Z p -algebra O. Here S 
is a finite set of primes of Q satisfying similar conditions to the ones we imposed 
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on our sets E. Corollary 15.231 means that their method cannot be applied in our 
case. 

Even though no E-minimal characteristic zero deformations of po exist, we now 
show that if one drops the ordinarity condition at p, it is possible to construct a 
reducible (non-ordinary) deformation of po into GL/2(0). 

Proposition 5.25. The group Ga,l(L^,(T,)/F(^>))(S)o[Gai(F(^)/F)]C > * s anO-module 
of rank one. 

Proof. This follows from a result of Greenbcrg Grc78 as we now explain. As 
before the E-admissibility of \o easily implies that the extension L^(E)/ F(^) is 
unramified away from primes lying over {p,p}. Hence without loss of generality we 
assume that E = {p,p}. We have the following diagram of fields 

(5.6) F(*) 




where T = 7i p and A is a finite group (whose non-p-part is isomorphic to the 
group G&l{F(xo)/F)). Set X^, := Gal(£^(E)/F(*)). Let L/F(^) be the maxi- 
mal abelian pro-p extension of F(^>) unramified away from {p,p} and write X for 
Gal(L/F(*)). Then X^ is a quotient of X. Both, X and X^, are Z p [[T]\ -modules 
in a natural way. By choosing a generator 7 of T we can make the indentification 

A := Z p [[T]} £ Z p [[T}} 

by sending 7 to T + 1. By Theorem on page 85 of |Gre78j we have 

X ® Zp E S A| A © (A £ -torsion), 

where A E := A <g> E. Let Ag := (X <g> F)/(A B -torsion). 

Consider the action of E[A] on Xe- Let A v denote the group of characters of 
A, and write 

Xb=® X*, 

where 

Xg := {x 6 Xe \ ax = ip(a)x for every er e A}. 

It is not hard to see that for every ip G A v , one has X^ ^ 0. This in particular 
means that every character of A appears exactly once, because the A^-rank of Xe 
equals #A. Now, consider the action of L on Xe- Let : = v J , lGai(F(*)/F )- Since 
Gal(F(*)/F) = A x Gal(F(^)/F ), we can study the action of the two direct 
summands separately. We have AT*' A = A^, hence 

Gal(L*(E)/F(*)) ®z,[g«i(f(*)/f)] E £* A E /(T+ 1 - *( 7 )) = F, 

where 7 is a topological generator of Gal(F(^E')/Fo). This clearly implies the claim 
of the proposition. □ 
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Corollary 5.26. There exists a deformation p : Gs 

», "1 



GL2(C) of po of the form 



P - 



The extension F(p)/F(ty) is unramified away from {p,p}. 



Proof. This follows easily from Proposition l5.25l See for example the discussion on 
page 10522 of |SW97j . □ 



Remark 5.27. The representation p in Corollarv l5.26l is not ordinary. Indeed, if it 
were ordinary the representation p\d t would have an unramified quotient. Since it 
clearly has an unramified submodule, it would be split and thus the upper shoulder 
* would correspond to a non-Z p -torsion extension of F(^B) unramified away from p, 
which does not exist by Proposition 15.221 On the other hand p is nearly ordinary 
in the sense of Tilouine (see e.g. Definition 3.1 of [Wes05]) with respect to the 
upper-triangular Borels at p and p. Since one has 



1 * 

the representation p is, however, not de Rham. 
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